MODULE CATEGORIES OVER THE DRINFELD DOUBLE OF A 

FINITE GROUP 

VIKTOR OSTRIK 



Abstract. We classify the module categories over the double (possibly twisted) 
of a finite group. 



1. Introduction 

Let C be a (semisimple abelian) monoidal category. A module category over C 
is a (semisimple abelian) category M. together with a functor C x M — » M. and 
an associativity constraint (= natural isomorphism of two composition functors 
C x C x A4 — > M) satifying natural axioms, see ^Hj- In physics, one is interested 
in the case when C is a category of representations of some vertex algebra V and 
irreducible objects of M. are interpreted as a boundary conditions for the Conformal 
Field Theory associated to V, see Thus it is interesting from a physical point 

of view for a given monoidal category C to classify all possible module categories over 
C (it is known that in many interesting cases the list of answers is finite, see 
This problem is also of mathematical interest, for example the module categories 
with just one isomorphism class of irreducible objects are exactly the same as the 
fiber functors C — ► Vec, see ^H]- It is known that for a fusion categories of sl(2) at 
positive integer levels the module categories are classified by ADE Dynkin diagrams, 
see ^JEDEU- I n this note we consider another class of examples, known in physics 
as holomorphic orbifold models, see e.g. [7lll2j. 

Let G be a finite group. It is well known that the monoidal structures (= 
associativity constraints) on the category Vec G of G— graded vector spaces with the 
usual functor of tensor product are classified by the group H 3 (G, C*), see For 
oj £ H 3 (G,C*) let Vec G denote the corresponding monoidal category. Let V{G,u) 
be the Drinfeld center of the category Vec G , see e.g. |21E1- The main result of 
this paper is a classification of module categories over the category V(G,lu). The 
closely related problem of classification of modular invariants for this category was 
considered in 0. On the other hand the problem of classification of twists (= fiber 
functors) in the Hopf algebra T>(G) corresponding to T>(G, 1) is interesting from 
the Hopf-algebraic point of view (here 1 is a trivial 3-cocycle) . 

The paper is organized as follows: in the Section 2 we recall necessary definitions 
and basic facts, in Section 3 we state and prove the Main Theorem, and in Section 
4 we consider the simplest nonabelian example — the case of the symmetric group 
in three letters. 

I was interested in the problem solved in this note from the beginning of my work 
on module categories But I got an idea that this problem can be solved (and 
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actually is trivial) only after reading papers |15l 116) . So I am grateful to Michael 
Mueger for this influence. My sincere gratitude is due to Pavel Etingof for very 
interesting discussions. I am greatly indebted to Terry Gannon for providing me 
with a list of modular invariants for the group S3. 

2. Preliminaries 

In this paper we will consider only abelian semisimple categories over the field 
of complex numbers; we assume that all Horn— spaces are finite dimensional. The 
rank of such a category is just the number of isomorphism classes of simple objects 
(= the rank of the Grothendieck group). We will consider only categories of finite 
rank. All functors are assumed to be additive. We will consider on many occasions 
the cohomology of finite groups with coefficients in C* (with trivial action) . We will 
denote by 1 the trivial cohomology class. Sometimes we will identify cohomology 
class with a representing cocycle; we will always consider only normalized cocycles 
(i.e. the value of cocycle is I when one of arguments equals to 1). 

2.1. Module categories. Let C — (C, <g>, a, 1, 1, r) be a monoidal category. Here C 
is a category ® : C xC — ► C is a bifunctor, a : <X>o(idx ®) — > ®o(® xid) is a functorial 
isomorphism of two possible composition functors C x C x C — > C, leCis the unit 
object, I : (g> o (1 x id) — > id and r : (g> o (id x 1) — > id are functorial isomorphisms 
subject to usual axioms, see e.g. We will consider only fusion categories, that 
is rigid categories with irreducible unit object, see [5]. A (left) module category 
M over C is a quadruple (M, ®, m, I) where M is a category, ® : C x M — > M 
is a bifunctor, m : ® (<8> x id) — ► ® o (id x eg)) is a functorial isomorphism of 
two possible composition functors C x C x M. — > M. and I : Cg> o (1 x id) — > id is 
a functorial isomorphism of two functors A4 —> M; these data are subject to the 
pentagon and triangle axioms, see ^5]- There are obvious notions of a direct sum 
of module categories, of module functors between module categories, see Pll- A 
module category is called indecomposable if it is not module equivalent to a direct 
sum of nonzero categories. One way to construct module categories over C is the 
following: let A be an associative algebra in the category C, see e.g. ^H]- Then 
the category Mode (A) of right A— modules has an obvious structure of a module 
category over C, see loc. cit. Theorem 3.1 in loc. cit. states that any module 
category over C can be obtained in this way. 

Example 2.1. The indecomposable module categories over Vec^ are classified 
by the conjugacy classes of pairs (H,i/j) where H C G is a subgroup such that 
lu\ h = 1 and if) G H 2 {H,C*), see e.g. HJaHSJ. To be more precise let u G Z 3 (G, C) 
be a 3-cocycle representing to. For any H C G let ijj G C 2 (H,C*) be a 2-cochain 
such that = Then the twisted group algebra A(H,ip) = C^U] is an 

associative algebra in the category Vec^; for any 1-cochain \ G C 1 (_ff, C*) the 
algebras ^4(i?, VO an d -<4(iJ, -0+dx) are isomorphic. Any semisimple indecomposable 
algebra A in Vec^ with dimHom(l, A) = 1 is of the form j4(-ff, VO and thus the set 
of isomorphism classes of such algebras is a fibration over {H c G\uj\h = 1} with 
fiber being a torsor over H 2 (H, C*). In what follows we will often assume that this 
torsor is trivialized. 

2.2. The dual category. Let C be a monoidal category and M. be an indecompos- 
able module category over C. Then one defines the dual category C* = Func (M, M) 
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as a category of module functors from M to itself. Note that despite of our no- 
tation the category C* depends on both C and M. In general, semisimplicity of 
C and M does not imply that C* is semisimple. But this is always true over a 
field of characteristic (this follows from the main result of [8] in conjunction with 
Theorem 4.2 in ^5] and Corollary 6.7 in Moreover over a field of charac- 

teristic for two module categories Mi and M2 the category Fune(-A4ii M2) of 
module functors from Mi to M2 is semisimple, see If the category M is of the 
form Mode (^4) for some algebra A 6 C then one identifies the category C* with the 
category of A— bimodules. The operation C >— > C* is really a duality by definition 
M is a module category over C* and C** = C (this is an immediate consequence of 
Theorem 4.2 in [T3]L 

Example 2.2. Let C = Vecf and M — Vec be the module category correspond- 
ing to the usual forgetful functor Vecf — ► Vec (this functor is defined for any ui but 
it has a structure of tensor functor if and only if lu = 1). Then it is easy to see using 
Theorem 4.2 of \nj\ that C* = Rcp(G) — the category of representations of the 
finite group G. A little bit more generally, let M be the module category attached 
to a pair (H, 1) in Example 2.1. Then it is easy to see that the category C* is 
equivalent to the category of iJ—equi variant sheaves on G/H with tensor product 
given by the convolution of sheaves. 

The following observation is due to M. Mueger, see |15) : 

Proposition 2.1. The module categories over C and over C* are in the canonical 
bijection. 

Proof. Let M be the module category which connects C and C* (that is 
C* = Func(A4, M)). Let Mi be a module category over C. Then the cate- 
gory Func(A / (, A4i) of module functors from A4 to A4i is a module category over 
C* = Fun(A4,A4) via the composition of functors. Conversely if M.2 is a module 
category over C* then Func* (M, M2) is a module category over Func* (M,M) = C. 
It is obvious that these constructions are inverse to each other. □ 

Note that the category Fun(A4, Mi) has the following "elementary" description: 
if M = Mode (^4) and Mi = Mode (5) for some algebras A, B G C then the category 
Fmi(M, Mi) is equivalent to the category of (^4, B)— bimodules. 

Example 2.3. One instance of this bijection is contained in £Q. In loc. cit. 
the authors define non-commutative "lowering of indices" . This can be described 
as follows: let C be a monoidal category (semisimple, of finite rank) and let M be 
a module category over C of rank 1 (— a fiber functor); thus C is the category of 
representations of a Hopf algebra and M is related with forgetful functor C — * Vec; 
let C* be the dual category of C with respect to M (thus C* is the category of 
representations of the Hopf algebra dual to the previous one). One says that a 
module category Mi over C of rank 1 (= a fiber functor = a twist up to gauge 
transformation) is non-degenerate if the category Func(A4, Mi) is semisimple of 
rank 1. Theorem 5.10 of says that there is a bijection between non-degenerate 
module categories over C and over C*. From our point of view this is almost 
tautological, the bijection being given by an assignment Mi 1— > Func(A^, .Mi). 
The conditions that Mi is of rank 1 and that Mi is non-degenerate are permuted 
by this bijection. Note that the assumption of semisimplicity of C is not essential 
for these considerations. 

2.3. The Drinfeld center. Let C be a monoidal category, M be a module category 
over C and C* be the corresponding dual category. Then one can consider external 
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product of monoidal categories C®C* and M. has an obvious structure of a module 
category over C ® C* . The following result is inspired by [T7)| : 

Proposition 2.2. The dual category to C ® C* with respect to the module 
category M. is equivalent to the Drinfeld center Z(C) of the category C. 

Proof. Each functor from (C £g>C*)* should commute with C* so is equivalent to 
the functor X®1 for some IeC (since C** = C). The functor X<g>? should commute 
with all functors of the form Y<&? for all Y E C, so for each Y E C we have an 
isomorphism of functors X® (F®?) — * Y® (X<S>?). Clearly this isomorphism comes 
from the isomorphism of objects X<g>Y — > Y~®X (by the Yoneda Lemma). We leave 
for the reader to check that under this identification the axioms (= commutative 
diagrams) from the definition of a module functors reduce to the axioms of the 
objects of Drinfeld center. □ 

We have the following immediate consequence : 

Corollary 2.1. The categories Z(C) and Z(C*) are canonically equivalent. 

Proof. The construction of Proposition 2.2 is completely symmetric with respect 
to the roles of C and C* . □ 

Remark. A counterpart of this statement in the theory of Hopf algebras is well 
known: the Drinfeld doubles of a Hopf algebra and of its dual are isomorphic. 

For a monoidal category C let C op denote the same category with opposite tensor 
product. The following consequence of Proposition 2.2 is essentially contained in 

ng : 

Corollary 2.2. For any monoidal category C the module categories over Z(C) 
are in canonical bijection with module categories over C (g> C op . 

Proof. One should use Proposition 2.2 with M. = C considered as a module 
category over C. □ 

3. Main results 

3.1. General setting. Let G be a finite group and let u> E H 3 (G, C*) be a co- 
homology class. Consider the category C = Vec^. For each subgroup H C G 
such that oj\h — 1 and a cohomology class tp E H 2 (H,C*) let A(H,i/)) denote 
the corresponding algebra in the category Vecjj, see Example 2.1 (as a G— graded 
space A(H, ip) is supported on H C G and each graded component is one dimen- 
sional, the multiplication is given by the 2-cocycle ip; in other words A(H, tp) is the 
group algebra of H twisted by tp). Consider the monoidal category C(G, u, H, tp) of 
A{H, tp)— bimodules in the category Vec^J. Equivalently, the category C(G, u, H, tp) 
can be defined as the category C* with respect to the module category M. consisting 
of A(H, tp)— modules. 

Theorem 3.1. The indecomposable module categories over monoidal category 
C(G,uj, H,tp) are parametrized by the conjugacy classes of pairs {H\,tpx) where 
H\ C G is a subgroup such that u\h x = 1 and Vi E H 2 (Hi,C*) is a cohomology 
class. Moreover, the module category corresponding to a pair (Hi,ipi) is just the 
category M. of (A(H, tp), A(Hi, tpi) )— bimodules with tensor product over A(H,tp) 
as a bifunctor C(G, u, H,tp) x M. — > M. 

Proof. This is immediate from the definitions and Proposition 2.1 and Example 
2.1. □ 

Now let (Hi,tpi) and (H 2 , tp 2 ) be two pairs consisting of a subgroup Hi C G such 
that uj\n i — 1 and a cohomology class tpi E H 2 (Hi,C*). We are going to calculate 
the number of simple objects in the category of (A(Hi, tpi), A(H 2 , tp 2 ))— bimodules 
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(so as a special case we will get the rank of the category C(G,ui, H,ip)). Let g 6 G 
be an element of G. The group H 9 := H\ n gH-ig^ 1 has a well defined 2-cocycle 

r(h, ti) := Mh, h^Mg^h'-'g, g^h' 1 g)u{hti 'g, g^ti^g, g^h^g)' 1 x 

xuj(h, ti, g)u(h, tig, g~ x ti~ l g) 

(we will see that this is indeed well defined in the proof of Proposition 3.1). 

Proposition 3.1. Let (Hi,ipi) and (H 2 ,i/j 2 ) be two pairs as above. Let 
{gi}ieHi\G/H 2 be a set of reprsentatives of two-sided (Hi, H 2 ) — cosets in G. The 
rank of the category of (A(Hi, i/ji), A(H 2 , ^2))— bimodules equals to 

i£H 1 \G/H 2 

where m(gi) is the number of irreducible projective representations of the group 
H 9i with the center acting via 2-cocycle ip 9i . 

Proof. Let M = e geG A/ g be a (A(H\, ipi), A(H 2 , ■0 2 ))-bimodule. The struc- 
ture of a bimodule gives us for each hi 6 Hi,h 2 £ H 2 the isomorphisms : 
A^/ug — * M g and i 2 h2 : M g h 2 — ► M ff . These isomorphisms should satisfy the 
following identities: 

1) g = tj(hi, h' lt g)ipi(hi, h'l)^ g o h , g (this relation says that M is left 
j4(iii, ipi)— module). 

2 ) ^,^2 = u(g,h 2 ,h2)~ 1 i>2(h2,h 2 )i 2 gh ^ °i 2 gh > aiha (this relation says that M is 
right A(i?2> 1P2) — module). 

3 ) ih ua i2 h ig ,h 2 = u{hi,g, h 2 )i 2 gM o i\ ugh3 (that is the structure of left module 
commutes with the structure of right module). 

There are also some other identities (which we omit) related to the action of the 
identity. 

It is clear that the module M is a direct sum of submodules supported on in- 
dividual double cosets. If we assume that M is supported on one such coset and 
g is a representative of this coset, then it is enough to study the vector space 
M g ; for each pair (hi,h 2 ) € Hi x H 2 such that h\gh 2 — g we have an operator 

ifci :== 4i, 9 € is ,fe 2 : M a M s ( note that ^1 = 9^2 1 9~ 1 so /ii € also h 2 is 
completely determined by hi); it is not difficult to see from the above that 

f h °fh>=r(h,h')j 9 hh ,. 

This relation is exactly the definition of the tp 9 — twisted group algebra of H 9 and 
the Proposition is proved. □ 

Remark, (i) Actually we will prove that there is a natural bijection between sim- 
ple (A(Hi, ipi), A(H 2 , ip 2 ))— bimodules and irreducible projective representations of 
groups H 9i with the center acting via 2-cocycle ip 3i . 

(ii) The formula for 2-cocycle i\) 9 is a generalization of formula 5.15 from 

(iii) The paper of S. Yamagami [20] contains results closely related to Proposi- 
tion 3.1, see [201 section 5. Also the result closely related with Proposition 3.1 is 
contained in pQ. 

It is easy to deduce from Proposition 3.1 the classification of fiber functors (= 
module categories of rank 1) for the category C(G, to, H, ip). 

Corollary 3.1. The fiber functors of the category C(G,uj,H,ip) are classified 
by pairs (Hi,ipi) where Hi C G is a subgroup and -01 £ H 2 (Hi,C*) such that 

1) The class w\h-l is trivial. 
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2) The number of double cosets H \ G/Hi is 1. 

3) The class ip\nnH 1 — ipilnnH! is nondegenerate, that is the twisted group 
algebra of H n H\ with respect to the cocycle representing tp\H n H\ — Vilffnfli is 
isomorphic to a matrix algebra. 

Example 3.1. Assume that G = H ■ Hi is an exact factorization, i.e. any 
element of G can be uniquely represented as a product hh\ where h G H, hi G Hi. 
Then the category C(G, 1,H,1) has a fiber functor corresponding to a pair (Hi, 1). 
The corresponding Hopf algebra is called a Kac algebra and is well known in the 
theory of Hopf algebras. 

3.2. Main Theorem. Recall that C(G,ui) denotes the Drinfeld center of the cate- 
gory Vec^. Consider the cohomology class uo = p\uj — p^uj G H 3 (G x G, C*) where 
Pi : G x G — > G, (gi, gi) l— > 9% are projections. Here is the main result of this note: 

Theorem 3.2. The indecomposable module categories over the category C(G, u) 
are parametrized by the conjugacy classes of pairs (H, ip) where H C G x G is a 
subgroup such that Q\jj = 1 and ip G H 2 (H, C*). 

Proof. Let A(G) C G x G denote the diagonal subgroup. By Corollary 2.2 
the category V(G,ui) is equivalent to the category C(G x G, u), A(G), 1). So this 
Theorem is a special case of Theorem 3.1. □ 

We will denote the module category corresponding to a pair (H, ip) by M.(H, ip). 
Let us consider an action of the group H on the set of elements of G given by the 
formula (hi,li2)g = high^ 1 - Let {gi}i£i be a set of representatives of all orbits 
under this action. For each consider a subgroup H 9i = {(hi, k^) G H\higih^ = 
gi} of H; note that since hi is completely determined by the value of hi the group 
H 9i can be considered as a subgroup of G via the first projection H C G x G — > G. 
The group H 9i has a well defined 2-cocycle 



Let m(gi) denote the number of irreducible projective representations of the group 

H 9i with center acting via 2-cocycle ip 9i . 

Theorem 3.3. The rank of the category A4(H, ip) is X^eJ m (5«)- 

Proof. This is an immediate consequence of Proposition 3.1. □ 

Example 3.2. Assume that the cohomology classes u> and ip are both trivial. 

Then the category Ai(H, 1) is equivalent to the category of A(G)— equivariant 

sheaves on G x G/H. 

Corollary 3.2. The fiber functors of the category T>(G, lo) are classified by pairs 

(H, ip) where H C G x G is a subgroup and ip G H 2 (H, C*) such that 

1) The class is trivial. 

2) The number of double cosets A(G) \ G x G/H is 1. 

3) The class V'lffnAfG) is nondegenerate, that is the twisted group algebra of 
H n A(G) with respect to the cocycle representing V'l_frnA(G) is isomorphic to a 
matrix algebra. 

3.3. Two unsolved problems. Recall that C — T>(G,lo) is a modular tensor 
category, see e.g. [21 E]- On the other hand, for a modular tensor category C one 
attaches a modular invariant to each module category over C, see 119). 
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Problem 1. Calculate explicitly modular invariants attached to module cate- 
gories over V(G, lo). 

For a braided tensor category C it makes sense to speak about commutative 
algebras A in this category, see e.g. We will say that a module category M 

over C is of type /if J\4 is module equivalent to Mode (A) for a commutative algebra 
A (in this case the algebra A is uniquely determined by the module category M) 
and M. is of type. II otherwise (this is just a translation to the language of module 
categories of the corresponding notions due to G. Moore and N. Seiberg for modular 
invariants). 

Problem 2. Which module categories over T>(G,u>) are of type I? 

One can attach a module category of type I to any subgroup H C G. Indeed the 
category Rep(G) is a braided subcategory of T>(G, ui) and the algebra A of functions 
on G/H is a commutative algebra in Rep(G). But even in a simplest case G = S3 
there are some other module categories of type I, see below. It seems plausible 
that at least for u = 1 the type I module categories correspond to pairs (H, 1) (so 
cocycle ip is trivial) such that H is conjugate to a subgroup of G x G invariant 
under the permutation of factors automorphism of G x G. 



4. The simplest example 

In this section we consider the simplest non-abelian example, the case of the 
group G — S3 — the symmetric group in three letters. It is well known that in 
this case H 3 (G,C*) = Z/6Z (see e.g. 0). For each value ofu£ H 3 (G,C*) the 
category £>(G, ui) has 8 simple objects and the same fusion rules (but the structures 
of monoidal categories differ). Let u>o be a generator of H 3 (G, C*). It is easy to see 
that u>o has a nonzero restriction to either of the subgroups Z/2Z, Z/3Z of G = S3. 
In this section we will use the additive notations for cohomology groups instead of 
the multiplicative notations used above. 

4.1. Enumeration of subgroups of G x G. In the table below we enumerate 
conjugacy classes of all subgroups of G x G and their 2-cocycles. The following table 
is self-explaining; A denotes the diagonal imbedding G — > G x G, the subgroup K 
consists of all pairs of permutations with the same parity. The subgroups L\^L 2 
are L x = (Z/3Z x e)A(Z/2Z) and L 2 = (e x Z/3Z)A(Z/2Z) (these subgroups were 
erroneously omitted in the published version of this note; the mistake was pointed 
out in [§]). 



notation 


#1 


H 2 


H3 


Ha 


#5 


H 6 


\H\ 


1 


2 


3 


H 


e x e 


Z/2Z x e 


e x Z/2Z 


A(Z/2Z) 


Z/3Z x e 


e x Z/3Z 


H 2 (H, C) 





















notation 


H 7 


#8 


H 9 


H10 


H n 


H12 


\H\ 


3 


4 


6 


H 


A(Z/3Z) 


Z/2Z x Z/2Z 


S3 x e 


ex S 3 


A(5 3 ) 


Z/2Z x Z/3Z 







Z/2Z 
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notation 


Hl3 


i?14 


H15 


Hie 


\H\ 


6 


9 


12 


H 


Z/3Z x Z/2Z 


Z/3Z x Z/3Z 


S3 x Z/2Z 


Z/2Z X S3 


H 2 {H, C) 





Z/3Z 


Z/2Z 


Z/2Z 



notation 


Hn 


His 


#19 


H20 


H21 


H22 


\H\ 


18 


36 


6 


6 


H 


S 3 x Z/3Z 


Z/3Z x S3 


K 


S3 x S3 


Li 


£2 


H 2 {H,C*) 








Z/3Z 


Z/2Z 









4.2. Module categories. We say that the subgroup H is admissible for a 3-cocycle 
to if Q\h (see Theorem 3.2) is trivial. It is clear that any subgroup is admissible 
for lo — and in this case the category V(G,lo) has 28 indecomposable module 
categories (in both cases when H 2 (H,C*) = Z/3Z two nontrivial 2-cocycles are 
permuted by the action of the normalizer of H); if to = ±loo then the admissible 
subgroups are Hi, H4, H7, Hn and we have 4 indecomposable module categories; 
if u) = ±2u then the admissible subgroups are Hi, H 2 , H3, H 4 , H7, Hg, Hn 
and we have 8 indecomposable module categories; finally if u> = 3wo then the 
admissible subgroups are Hi, H4, H 5 , H 6 , H 7 , Hn, H u , H i9 , H 2 i, H 2 2 and we 
have 12 indecomposable module categories. The following table gives the number 
of simple objects in module categories in all cases (note that the rank of module 
categories does not depend on 2 and 3-cocycles involved since the possible groups 
H 9 = e, Z/2Z, Z/3Z, S3 have trivial second cohomology, so we present results only 
for lo = 0; in the other cases one just needs to erase some columns). 



subgroup 


Hi 


H 2 


H 3 


Hi 


H 5 


H e 


H 7 


H 8 


H 9 


Hio 


Hn 


\A(G)\Gx G/H\ 


6 


3 


3 


4 


2 


2 


4 


2 


1 


1 


3 


rank of JVl 


6 


3 


3 


6 


2 


2 


10 


3 


1 


1 


8 



subgroup 


H12 


H13 


H u 




Hie 


Hn 


His 


H19 


H20 


H21 


H22 


|A(G) \Gx G/H\ 


1 


1 


2 


1 


1 


1 


1 


2 


1 


2 


2 


rank of M. 


1 


1 


6 


2 


2 


3 


3 


6 


3 


4 


4 



So in particular we see that the untwisted double of S3 has 4 fiber functors and 
all the twisted doubles have no fiber functors. 



4.3. Modular invariants. In this section we assume that lo = and give a list 
of modular invariants attached to the module categories above. The list of mod- 
ular invariants for this case was worked out in |S] 3.3 (unfortunately the list in a 
published vesrion of jS] is incomplete and I am grateful to the authors of 5 for 
providing me with a complete list consisting of 48 invariants). Below we are using 
the notations for the simple objects of T>(S3, 1) from 5 : if we identify D(S3,1) 
with the category of S3— equivariant sheaves on S3 with respect to the action by 
conjugations then indices 0,1,2 mark objects living on the unit, corresponds to 
the trivial representation, 1 to the sign representation, 2 to the 2-dimensional ir- 
reducible representation of S3; indices 3,4,5 mark objects living on the conjugacy 
class of 3-cycles, 3 corresponds to the trivial representation and 4,5 to two nontriv- 
ial one dimensional representations of Z/3Z; indices 6,7 mark objects living in the 
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conjugacy class of 2-cycles, 6 corresponds to the trivial and 7 to the nontrivial irre- 
ducible representations of Z/2Z. One can compute the modular invariants attached 
to the module categories above in the following way: first compute the ranks of the 
module categories A4 (this was done above) and of the dual categories C* (= the 
rank of the category of (A(H, ip),A(H, i/>))— bimodules; see the tables below, where 
H denotes the module category corresponding to a pair (H, 1) and H tw denotes the 
module category corresponding to a pair [H, ip) where ip is a nontrivial 2-cocycle): 



subgroup 


Hi 


Hi 


#3 


Hi 


H 5 


H 6 


H 7 


#8 


Hf 


#9 


H w 


H n 


rank of C* 


36 


18 


18 


12 


36 


36 


20 


9 


9 


18 


18 


8 



subgroup 


H\2 


His 


Hn 


TjtW 


-Hi 5 


TjtW 


Hie 


TjtW 


Hn 


His 


rank of C* 


18 


18 


36 


20 


9 


9 


9 


9 


18 


18 



subgroup 


Hig 


TjtW 

H 19 


H20 


TjtW 

H 20 


H21 


H22 


rank of C* 


12 


8 


9 


9 


12 


12 



On the other hand the ranks of M. and of C* can (at least conjecturaly) be 
computed from the modular invariants, see e.g. |19| Claims 5.3 and 5.4. Now 
comparing the lists of the module categories and of the modular invariants one gets 
some information (unfortunately incomplete, we can not distinguish for example H2 
and Hn from this information) on the correpondence between them. We conjecture 
that the table below (obtained using the above information plus some heuristics) 
gives correct correspondence between module categories and modular invariants. 



Hi 


|xo + Xi + 2x 2 | 2 


H15 


(Xo + X3 + Xe)(xo + X2 + Xe)* 


H 2 


[Xo + X2+ Xe)(xo + Xi + 2x2)* 


TjtW 


(Xo + X3)(xo + X 2 )* + XiXe+ 
+X3Xe + XeXi + X6X2 + 1X7 1 2 


H a 


(xo + Xi + 2x2)(xo +X2+ Xe)* 


H 4 


|X0+X2|" + |X1+X2|" + 
+ |X6| 2 + |X7| 2 


Hie 


(Xo + X2 + Xe)(xo + X3 + Xe)* 


TjtW 

H w 


(Xo + X2XX0 + X3)* + XiXe+ 
+X2Xe + X6X1 + X6X3 + 1X7 1 2 


H 5 


(xo + Xi + 2x 3 )(xo + Xi+2x2)* 


H 6 


(Xo + Xi + 2x 2 )(xo + Xi + 2x3)* 


Hn 


(Xo + X3 + Xe)(xo + Xi + 2x3)* 


H 7 


|Xo + Xi| z + 2|x2| z + 2|x 3 | 2 + 
+2|x 4 | 2 + 2|x5| 2 


His 


(Xo + Xi + 2x3) (Xo + X3 + Xe)* 


HlQ 


IXo +Xa| 2 + |Xi +Xs| 2 + 
+ lxe| 2 + |X7| 2 


H 8 


Ixo + X2 + Xe| 2 


Hi? 


Ixo + X 2 | 2 + XiXe + X2X6+ 
+X6X1 +X6X2 + |X7| 2 


TjtW 

Hig 


IX0I 2 + Ixil 2 + X2X5 + X3X2 
+ IX4| 2 + IX5| 2 + |xe| 2 + IX7| 2 


H 9 


(Xo + X3 + Xe)(xo + Xi + 2x2)* 


H20 


Ixo +X3 + Xe| 2 


H10 


(Xo + xi + 2x2)(xo + X3 + Xe)* 


TjtW 

H 20 


Ixo + X3I 2 + XlX% + X3X6 + 
+X6X1 +X6X3 + 1X7 1 2 


Hn 


IXo|" + lxi|" + IX2| 2 + IX3|" + 

+ |X4| 2 + |X5| 2 + |X6| 2 + |X7| 2 


H21 


(Xo + Xs)(xo + X2)* + \XaV+ 
(Xi+X 3 )(xi+X2)* + |X7| 2 


H\2 


(Xo + X2 + XeXxo + Xi + 2x3)* 


His 


(Xo + Xi + 2x3) (Xo + X2 + Xe)* 


H22 


(Xo + X2XX0 + Xs)* + lxe| 2 + 
(Xi +X2XX1 +X3)* + |X7| 2 


Hn 


|Xo + Xi+2x 3 |" 


UtW 

tin 


|xo + Xi|' + 2x2X3 + 2X3X2 + 
+2|x 4 | 2 + 2|x5| 2 
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